3.1

The Chain Rule

Learning objectives

To discuss the chain rule, the rule for differentiation of

composite functions

And

To practice related problems.

The Chain Rule

We have learnt how to differentiate simple functions like sinx
and (x? — 4) . Now we extend the differentiation to

composites like sin (x? — 4) by using the Chain Rule.

The Chain Rule says that the derivative of the composite of two
differentiable functions is the product of their derivatives
evaluated at appropriate points. The ChainRule is probablythe
most widely used differentiation rule in calculus. This module
describesthe rule and explains how to use it. First, we consider

a few examples.

Example1: The function y=6x-10=2(3x-35) is the
composite of the functions y=2« and u=3x—-5. How are
the derivatives of these three functions related?

Solution:

We have, d—} —6

dx
d_,
du dx
dy dy du
dx du dx

If we think of the derivative as a rate of change, this
relationship seems to be reasonable. For, y= f(u) andu = g(x)
, if y changes twice as fast as u and u changes three times as

fast as x, then we expect y to change six times as fast as x.



Theorem

If f(u) is differentiable at the pointu = g(x),and g(x) is
differentiable at x, then the composite function
(feg)(x)= f(g('c)) is differentiableat x, and

r

(fog) (x)=r"(g(x))-&'(x) - (1)
In Leibniz notation, if y= f(u«) and u = g(x), then
dy du
2, ik
dx du dx
dy .
where — is evaluatedat u = g(x).
du
Example 3

Find the derivative of y=+/x" +1.

Solution: Here y= f(u (x)), where f(u)= Vi and u=x* +1.

Since the derivatives f and g are
1
1= — = WX )=2%
fu)=o7=, ()

the Chain Rule gives

dv_d _ -
& 2 f ()= £ () ()




P1:

Find the derivative of the function given by
f(x) =sin(3x—5)

Solution:
Given,f (x) = sin(3x — 5),
now f(x) = sinu,whereu =3x—5

By chain rule

df _ df du
dx  du dx
—i(sinu) i(3:}{:—5) = COS U.3
 du " dx B ‘

Thus <L = 3cos (3x—5)
dx



P2:

Find the derivative of the function given by
f(x) = sin (CﬂS(IE })

Solution:
Given, f(x) = sin(cosx?)

The given function is a composite of three functions.

If f(x) =sinv,v(w) = cosw and w(x) = x?

df dv

; dw
— = coSV,— = —Ssinw and — = 2x.
dv dw dx

Hence, by chain rule
ﬂ __df dv dw

= —,—.— = cosv.(—sinw). 2x
dx dv dw dx

= —2xcos(x?).sin(x?)

Thus g = —2xcos(cosx?).sin(x?)



P3:

The derivative of y = sin(x — cosx)
Solution:

y = sin(x — cosx)

y = sinu , where u(x) = x — cosx

By chain rule

dy dy du d
dx du'dx du

— (sinu).— (x — cosx)

dx

= cosu. (1 + sinx) = (1 + sinx)cos(x — cosx).



P4.

Differentiate y = sin (cos (2 — 5))
Solution:

y = sin (cos (2t — 5))

y = sinu, u = cosv, where v = (2t — 5)

By chain rule

dy dy du dv

dt du dv’ dt
_ d(sinu) d(cosv) d(2t-5)
- du | d : dt

= cosu.(—sinv).2 = —2cos(cos (2t — 5))sin(2t — 5)



IP1:
Find the derivative of the function given by
f(x) = sec(tanx)

Solution:

Given, sec(tanx)

f(x) = sec(tanx)

f(x) = secu, where u(x) = tanx

df du ;
— = secu tanu and — = sec“x
du dx
By chain rule,
d df d
4 —f.—u — secu tanu.sec’x
dx du dx
— sec(tanx) tan(tanx).sec’x
d
Thus & = sec(tanx) tan(tanx).sec’x

ilx



IP2:
If f(x) = sin(cos(tanx)), then find f'(x)
Solution:

Flix) = sin(c::}s(tanx))

f(x) = sin u,u(v) = cosv and v(x) = tanx

df du " dv 2
S L s e —sinv and — = secx
du dv dx

By chain rule,

df df du dv i e
o= oo = —cosu. (sinv).sec”x

= —cos(cos(tanx)).(sin(tanx)).sec*x
df

— = —cos(cos(tanx)).(sin(tanx)).sec?x

dx



IP3:

The derivative of y = cot (Si:t)

Solution:
sint
Yy = cot B |

y = cotu , where u(t) = st

L

By chain rule

dy dy du d X d (sint)
AT L

2 t.cost—sint t.cost—sint 2 sint
— —CSC . i C5C 5
L2 te t




IP4:

Differentiate y = cos (SSEH (é))

Solution:

y=eo(ssn(3)

5 L
y = cosu, u = dsinv, where v = p

By chain rule

dy dy du dv
dt  du'dv’dt

_d RO (.
=%w (casu}.dﬂ (5sinv). = (5)

= —sinu. (SCGSF)-% = —sin (5 I G)) o (E)



8.1. The Chain Rule

Exercise:

l. Giveny = f(u) and u = g(x), find g =f(g(x)g'x)
1.y =sinu,u=3x+1

2.y =cosu,u = —~g

3.y =cosu,u = sinx
4.y = Sinu,u = X — COSX
5.y =tanu,u =10x—5

II. Find the derivative of the functions below:

1§ isinBt + icosSt

2.5 = sm( ) + cos (Em)
3.y = sin (cos (2t —5))
4.y = cos (5.5‘1'?1(%))

5.y = sec(tanx)

6.y = cot (?1'—1)

W



8.2

Differentiation formulas that includes chain rule

Learning objectives:

e Tostudy the power chainrule
And

e Tosolve related problems

Many of the differentiation formulas we encounter already

includethe Chain Rule. We illustrate this as shown below.

If f is adifferentiable function of u#, and « is a differentiable
function of x, then substituting y= f(u) in the ChainRule
dy dy du

dx  du dx

formula

leadsto the formula

d s el

) = U)—

d‘ff( ) s ( )d:f
Forexample, if u is a differentiable function of x, n is an
integer, and y=u", then the Chain Rule gives

2B )
dx du dx
-1 dH
T
dx

Power Chain Rule
If u(x) is a differentiable function and n is an integer, then u™

is differentiable and

d du
_Hn - ?’IHH_I R

dx dx



Example1:

a) —sin’ x=>5sin' x—sinx=>5sin" xcosx
dx dx

b) é(lr-l—l)_a - —3(2x+1)4%(2x+1) = —6(2x+1)"

c) %[ﬁf—f]?=?{5x3—x*}5£{5x3—f]=7(5f—f]6(15x2““3}
d 1 d E 3
d) cir[Bx—Z]:dr(sx_z) ~1)(3x-2)"(3)=- (31— 7

Example 2:

It is important to remember that the formulas for the
derivatives of sin x and cosx were obtained under the
assumption that x is measured in radians, not in degrees.

A i : & X
Since 180° = m radians, x = radians.

By the Chain Rule,
d . ;. i@ ... | &ax
—sm(x ) = —sin
dx dx 180

ax \ d | mx
= COS .
[180] ci*c[lSU]
T

:ﬁcas(f)




P1:

5
Find the derivative of the function y = G T i)

Solution:

_(E+i)5=> = (u)®, wh ()_(EJFL)
A ¥ i R e e
By chain rule
Y _ ). & T=5utand 3F=(;-53)
o — Y (W) where -2 = 5.u” and 5

4
IR pf® g AN L A
"d;t_‘ — S(S‘I' 51‘) '(5 51‘2)



P2:

p . . . - 3
Find the derivative of the function s = sin? (?) — cos? (—)

Solution:

T 3t
s — gin (T) cos ( )

3t 3t

e (sm (T)) ——(cas ( > ))
s zgm am i sm Hm ) _t)i(cgs (Ezﬂ))
(e (2] e ()2
= 2sin (E;It) coS ?) C_H) + 2cos (?) sin (?) (Z_H
- () osin () o (22) 205 () (2

3t 3t 3t ]
= 3m [ZSin (7) cos (7)] = 3n [sin (27) — 3msin (3mt)

i




P3:

3
Find the derivative of y = (1 + tan® (é))

Solution:

Giveny = (1 + tan* (é))g

=5 (1 eant(5)) (04 40 (1) 5 ()
-3 veemt () (o ()= ()
=31 con 55)) (s (1) (1))
(1ot () (s (1) (1))




P4.

if y=(x%-1)

Solution:

100 , dy
then find =

Given y = (x> — 1)109
y = ul9%(x), where u(x) =x3-—1
By chain rule,

j—i = y'(u).u'(x), where j—i — §00.u”. u'(x) = %o

d
=Y~ 100(x3 — 1% x 3x2 = 300x2(x® — 1)®

dx



IP1:

Find the derivative of the function y = sin3x

Solution:

y = sin®x = y = u>, Where u(x) = sinx

By chain rule,

d_y g s . 3t u
= (u)  where & — = 3(u)* and —— = COSX
Now
dy _—— i > .
e 3(sinx)“cosx = 3sin“xcosx = > sinZ2x.sinx

dy 3 %
o =5 Sin2x.sinx



IP2:

3
Find the derivative of the function y = %(1 + {:ﬂsz(?t))

Solution:
y = %(1 -~ cﬂsz(?’t))a

dy 1d

e (1+ casz(?’t))a

— g. 3. (1 + casz(Tt))Ei(l + C{}SE(?t))

— % (1+ casE(Tt))E (U + ZmS(?’t)%(CﬂS(?t)))

— % (1+ casz(?t))z (ZEGS(Tt). (-Siﬂ{?t))%(ﬁ))

z
= = (1 + C{}SE(Tt))ESi?‘ll’-}t



IP3:

Find the derivative of y = Asin? («J g B S ] ’

Solution:

y = 4sin?




IP4:

y?\°
Differentiate f(y) = (in)
Solution:
¥\’
Given, f(y) = (},H)
G - O
Let, f(u) = u”, where u(y) =

By chain rule,
oy =¢1alu
where f'(u) = 5.u*,

_O0+D@Y) -y*(M) _2y*+2y—y*  2y—y°

u'(y) = O + 1)2 T+ D2 (y+1)2
o) =f'.u'®

- y’ 4(2}’—}’2)
=5:77)




8.2.Differentiation formulas that includes chain rule

Exercise
I. Find the derivative of the following functions:

4, = (2% 4+ 1)°
b. 3= (4 —3x)’

c. y= (1—?_?

d y=(-1)"
£, y:(§+x—1)4

L or=(+3)

g.y =%(3x -2)" + (4—i)_1

22
h.y = (5—2x)73 +§G+ 1)4

. y=Ux+3)*(x+1)3
J. = (22— 5) Hx® —5x)°




Il. Find the derivative of the following functions:

2. f(0)= (222

1+cosf

b g(t) - (1+Eﬂst)_1

sint

c. y=sin*(nt—2)
y = sec’mt
y= (1 +cos2t)*

. (1+cor(8))

g. y =sin’x
h. Yy =5cos”

L y=(1+wnt (L))

y = %(1 - c052(7t))3

%y

e
[]

k., = (e5¢8 Lol =

. r=—(secO + tand) !

m. y = x?sin*x + xcos *x
1 . D & 2

n. y=-sin"°x—=cos>x
x 3



8.4

Tangents and Normal Lines

Learning objectives:

e Tofindthe tangent and the normal lines of a given curve at
a given point.
e Tofind higher order derivatives using implicit differentiation
And

e To practice related problems.

Tangents and Normal Lines

In the law that describes how light changes direction as it
enters a lens, the important angles are the angles the light
makes with the line perpendicularto the surface of the lens at
the point of entry (angles 4 and B in figure below). This line is
calledthe normal to the surface at the point of entry.

'\I\_ighl ray

Normal line \

Tangent

Curve of lens
surface

The above figure is a profile view of a lens and the normal is the
line perpendicularto the tangent to the profile curve at the

point of entry.

Definition

Alineis normalto a curve at a pointifitis perpendicularto the
curve’s tangentthere. The lineis called the normal to the curve
atthat point.

The profiles of lenses are often described by quadraticcurves.
When they are, we can use implicitdifferentiationto find the

tangentsand normals.



Example 1: Find the tangent and normal to the curve
x? — xy + y* = 7 at the point (—1, 2).

: : . s o= ;o 2 il
Solution: We first use implicit differentiation to find é :

X% —xy+y*=
H faly 2 " Ty &
= Ax ) ) ) = AT
dy dx dy
2x—(xa+ya)+2ya—{}

dy .
(2}’—1)5—}’ 2x

dy y—2x

dx Zy—x

We then evaluate the derivative at(x, y) = (—1, 2) to obtain

dy B y—2x| _2-2(-1) _ 4
dxl_12) 2y—=x (-1.2) 2)-(-1) 5

|\ :'.

The tangent to the curve at (—1, 2) isthe line
y=2+;(x~ (1)

The normal to the curve at (—1,2) is
y=2-2(x—(-1))

5 3
Y=



Using Implicit Differentiation to find derivatives of
Higher Order

Implicitdifferentiation can also be used to calculate higher
order derivatives.
dy 3 2
Example 2: Find — if 2x* — 3y° = 7.
dx
Solution: We differentiate both sides of the equation with

. r
respectto x tofindy = ~*,

dx
2x3 —3y% =7

= —(2x) - =@y?) =—=(7)

xz

6xZ—6yy =0= x2—yy'=0= y’:; (If y = 0)

We differentiate x2 — yy' = 0 again to find y'":
d d
o =T
7 "=y =--(0)
=2x—yy" — ¥y =0= yy" =2x—(y')?

- iy
=y Zf—(? (y #0)

2
Finally, we substitute y' = x? to express y'' interms of x

e 2
I 2x y ix x*

and y: L S i (y #0)



P1:

Find the tangent and normal to the curve x% + y? = y* — 2x
at (—2,1).

Solution:
The given curve isx? + y2 = y* — 2x and (=2,1) lieson it.
Differentiate with respect to x

26 + 2y = 4y* 2 2

dx

= (Zy—i}yg)j—i: — 2R

day 1-Fx
—yeE s
dx 2y3—y
dy 1+({—2 ==
= slope = — L= = —1

dx(-2,1) 2(D-1 1
Tangent to the curve at (—2,1)
y—1=(-1Dx+2)=x+y+1=0

Slope of the normal to the curve at (—2,1) = —FT =t

Normal to the curve at (—2, 1)

y—-(1)=1x+2)=x—y+3=0



P2:

Find the tangent and normal to the curve x sin2y = y cos2x

4" 2

Solution:
The given curve is xsin2y = y cos2x and G, g) lies on it.
Differentiate both sides with respect to x

: dy e ri_y
sin2y + x.cos2y. 2.5 = y.(—sin2x).2 + cos2x. =

dy . .
= (2x cos2y — cost)d— = —2y sin2x — sin2y
X
dy  —lsin2y+2y sin2x]
dx  2x coS2y—cos2x
dy —[0+m.(1)] —1
nslope=—, . . =—% s e )
dx(? E) Zxl-1)=0

Tangent to the curve at (E, g)

y—g:2(x—%):~4x—2y:[]=>2x—y:[}
E m

Slope of the normal to the curve at (

Normal to the curve at (E, g)

5= 2Pty



P3:

42

For the conic ax? + by* = ¢, Find f.
Solution:
Given conicis ax?+ by? = ¢
Differentiate with respect to x
ay _ L _ax
caxtt 2y =0 ( dx b}r)
Differentiate again with respect to x
dy A d?y
a+b ( ) + b =
dx Y dx? dx?
dy &
2 b
— d_}f _ i (dx)
dx? by
ﬂz Iz
_ ‘Hb(bz F) _a(by*+ax®) _ ac

by b2 y3 o b2 y3



P4:
: d*
If x> + y* = 16, then find the value of ﬁ at (2,2)

Solution:
x? 4§yt =16

Differentiation with respect to x

caypga =)

Differentiation with respect to x

dyz Edzy
2x+2y(£) ‘|‘y E_D




IP1:

Find the tangent and normal to the curve x% + xy — y? =1
at (2,3)

Solution:
The given curveisx? + xy — y? = 1and (2, 3) lies on it.
Differentiate with respect to x
dy ay _
2x +x—+y—2y—=0

:r(x—Zy)j—i+y+2x:D

d g P
— . lExhy)
dx x—2y
dy —(4+3 =t 7
- slope = — =) 77
dx (2,3) 2—6 —4 4

Tangent to the curve at (2, 3)

y—3:%(x—2):>4y—12:7x—14

= 7x —4y = 2
Slope of the normal to the curve at (2,3) = — —@1— = —%
s

Normal to the curve at (2, 3)

y-3="(x—2)=4x+7y—-29=0



IP2:

Find the tangent and normal to the curve x% cos*y — siny =0
at (0, )

Solution:

£

The given curve is x? cos?y — siny = 0 and (0, m) lieson it.

Differentiate both sides with respect to x
2 2 2 T d_}-? T d_}? T
2x cos“y + x“.2 cosy(— siny) == EOsY 0

; dy dy
= 2x cos’y — x? sin2y o oSy = 0
X X

d_y o 2x caszy

dx  (x2 sin2y+cosy)

dy 2x .cﬂsz}r
=~ slope = — e
dx(p, ) x? sin2y+cosy

=0

Tangenttothecurveat(0, m)y—nm=0=y=m

Slope of the normal to the curve at (0, ) = — Fy)l— =%

dx/(om)
where,s — oo

the equation of the Normal to the curve at (0, m)
y—nzs(x—(])ﬁx—(}:%(y—n): 0,s —

Thus, the normal to the curve at (0, ) isx = 0 thatis y_ axis



IP3:

2 2 d*y _ h*-ab
If ax“+ 2hxy + by“ = 1 prove that 22 — (ixtby)?

Solution:
ax? + 2hxy + by? =

Differentiate w.r.t. x, we get

dy dy
2ax + 2h [anry.l] +2by.a— 0

d hy+ax
dx hx+hby
R (hx+by) (R +a)~ (hy+ax)(n+b%2)
¥ " dx dx
dx? (hx+by)?

R O M, (o o
x(h ab]dx—k(h ab)y
(hx+by)2

o h%—ab hy+ax .
- (hx+by)? [y H (hx+hy)] uHig (2)
h?—ab

. 2 2
= Ao (hxy + by + hxy + ay®)

__ h®-—ab
"~ (hx+by)3

using (1)

d?y B h? — ab
dx?2  (hx + by)3

21

(@)



IP4:
2z
xy + y* = 16, Find the value of =% at (0, —1)

Solution:
xy+y* =16

Differentiate with respect to x

dy dy dy —y

i 2y — =10 .=
xdx+y+ Y dx ( dx (x+2y))

dy
== (x ‘|‘2}’)£+}F = {}
Differentiate with respect to x
d*y dy\dy dy

(x+2y)ﬁ+ (1+2dx)dx+dx B

(x—l—2y)—+2(1—|— )‘“" 0

dx
ﬂ .- 2(1+g)g . 2(1_{xf2y})({xf2y})
dx*? (x+2y) (x+2y)

d’y 2y(x+y)
dx? (x+ 2y)3

The value of d—at (0,—-1) = —%



8.4. Tangents and Normal Lines

Exercise:

1. Findthe lines that are (i) tangent and (ii) normal to the
curve at the given point.

a. x2+xy—y? = (2.3)
b, #5y = (—1,3)
c. 6x2+3xy+2y2+17y —6=0 (—1,0)
d.2xy +msiny = 2m (1,5)
e.y = 2sin(mr —y) (1,0)
2. Find second order differentiation to the following
functions
8.0 50 =

c.y?—2x=1-2y
d.y :%c{}t@x —1)

e.y> +y = 2cosx at (0,1)

3. Find the two points where the curve x? + xy + y% = 7
crosses the x-axis, and show that the tangents to the curve
atthese points are parallel. What is the common slope of
these tangents?



4. Find the slopes of the curve y* = y? — x? at the two
pointsshown here.

5. Find the slopes of the devil’s curve y* — 4y? = x* — 9x?
atthe four indicated points.




8.3
Implicit Differentiation

Learning objectives:

e Todiscuss implicit differentiation

And

e Tosolve related problems.

Implicit Differentiation

When we cannot put an equation F(x,y) = 0 in the form
y = f(x) to differentiate in the usual way, we may still be

able to find Z—i by implicit differentiation.
This consists of differentiation both sides of the equation

, , : d
with respect to x and then solve resulting equation for ﬁ.

The process by which we find j—i is called implicit

differentiation.
Example 1: Find g if y> =x

Solution

The equation y? = x defines two differentiable functions
of x

[ Slope = % B 1___ e
B AVE =
P(x, VX)
— |
|
7 |
4 ' x
o\ }
AN |
'?"“M-_E_I‘_‘Qi.x —-Vx)
/ = V2= —Vx
o . T~ o
2y, Wx

The derivative for each of these for x = 0O is

dy 1 dy 1
=% = and e
dx 2x dx 24/x



We can find the derivatives for both by implicit
differentiation. We simply differentiate both sides of the
equation y? = x with respect to x, treatingy = f(x) as a

differentiable function of x:
2 _ dy _ o, _ dy _ 1
Vv =x = 2y dx—fl:::rdx 5

Thisone formula gives the derivatives we calculated for

both of the explicit solutions y; = vx and y, = —v/x

; LR e

dx 2y 2%

dx 2y, 2Vx

Example 2: Find the slope of circle x* + yz = 25 at the
point (3, —4).

Solution

The circle is not the graph of a single function of x.Itis
the combined graphs of two differentiable functions,

y; =V25 —x?and y, = —v25 — x2. The point (3, -4)
lies on the graph of y, , so we can find the slope by
calculating explicitly:

dy, o 2x | o
dx 1 X=3 7 242542 1X=3 7 5. 259




We can also solve the problem more easily by
differentiatingthe given equation of the circle implicitly
with respect tox:

—( 2)Jr — )——(25)

dy X
:>2x+2y——[}=>a— =
3 3
The slope at (3, -4) is — = |(3,_4) R
The formula j—i = —E applies everywhere the circle has a

slope. The derivative involves both variables x and y, not
just the independent variable x.

Implicit differentiation takes four steps.

1. Differentiate both sides of the equation with respect
to x, treating y as a differentiable function of x.

oy : :
2. Collect the terms with i on one side of the equation.

d
3. Factor out —y.
dx

4. Solve for 2 by dividing.
dx
Example 3: Find Z—i if 2y = x> + sin y.

Solution
2y =x% +siny
Differentiate both sides with respect to x

d d d
RECw e 2 W
o (2y) Ix (x*) + Ix (siny)

y ¥ _, 4 dy
2— =2 = 2
= X +cosy — dx dx — COSY — e X

dx



P1:

Find 2 if x3 +® = 3axy

Solution:

x>+ y> = 3axy

We find j—ithrnugh implicit differentiation

Differentiate both sides with respect to x,we get

d d d
E(xg) + a(yg) = -~ Baxy)

3x? +3y2dy 3axd—y+}’

| " dx |

- T

= Xty dx—a_xdx-l—y_

= (¥ —a)Z = ay —x?
:bdy_ay x2



P2:

. dr . . ks
Flndﬁlfﬂz +rz=1

Solution:

1 T

Given,0z +rz2=1
We find j—;through implicit differentiation
Differentiate both sides with respectto &

L) )= o

1 1

] DR 1T = Hr
— -0 z24+-1r 2—=10
2 4_2 dfd
1
i 1 =
=0z =—r 2 —
df
dr T



P3:
Find the slope of xsin2y = y cos2x.at G g)

Solution:

Given,xsin2y = y cos 2x.

We find Z—ithrough implicit differentiation

Differentiate both sides with respect to x

d d

= (x sin2y) = = (y cos2x)

=3 ¥ COS 2y.2.j—i + sin 2y = y. (—sin 2x).2 + cos 2xj—i

= X COS 2y.2.j—i+ sin 2y = (—sin2x)(2y) + cos 2x _j_i

= (2x cos 2y — cos 2x) j—i = —2ysin 2x — sin 2y
- dy . [sin 2y+2y sin 2x]
dx (2x cos 2y—cos 2x)
_ dy _ [sin (m)+m(sin (5)]
slope=—|,. .= —T= 7
dx (} = IE cos (m)—cos [E)J

[0+m]

N E[—l}—u ==



P4:
Find j—i using implicit differentiation

6y- +3xy+2y°+17y —6=0
Solution:
Given, 6y° +3xy + 2y* + 17y —6 =0
We find j—i through implicit differentiation

Differentiate both sides with respect to x
d d d d d

2 2 _ —
o (0y) +—— CBxy) +—(2y*) + -~ (17y) — - (6) =0

dy dy dy dy
12v—+ 3x—+ 3 4y —+17—=10
=% yder xder ¥r yder dx

d
:»(12y+4y+3x+17)£: 3y

dy —~3Y
> —
dx (16y+3x+17)




IP1:

Find the derivative of x + siny = xy
Solution:

Given,x + siny = xy

We find j—ithrﬂugh implicit differentiation

Differentiate both sides with respect to x

d d d
a(x) + = (siny) = 7 (xy)

d d
=>1+msy£:x£+y

d
:,rr(cnsy—;t:)é:y—l

dy "t |
=5 —
dx cosy—x




IP2:
i dr . ¥
Fmdﬁlf cosr+sinf=1raeo

Solution:

Given,cosr+sinf =r 6
We find j—; through implicit differentiation

Differentiate both sides with respectto 6

d d

_ d
E(cas r) +£(Sm 8] = E(T 8)

dr dr
— —sinr —+cos@ =r+ 68—
dg T T dg

= cos 0 —r :j—;(ﬂ + sinr)

dr cos @—r
— o -
dé B+sinr




IP3:

Find the slope of y =2 sin (mx — y) at (1,0)
Solution:

Given,y = 2 sin (mx — y)

We find j—i through implicit differentiation

Differentiate both sides with respect to x

d o A
a(y) =17, o (sm (mx — y})
dy dy
== 2 cos(mx — y). [TE _E]
= j—i = 2cos(mx —y) m— 2 cos(mx — y}j—i

j—i [1+4 2 cos(mx — y)] = 2 cos (mx — y)m

dy  2cos(mx—y)m

dx  1+2 cos(mx—y)

. _ (dy _ 2cos(mm _  —2m _ —2m
e slope= (dx)[irﬂ) T 1+2cosm  1+2(-1) -1 o




IP4:
. . dy
If siny = x sin(a + y) then e
Solution:
Given, siny = x sin(a + y)
We find j—ithrough implicit differentiation

Differentiate both sides with respect to x

o d
= (siny) = = (x sin(a + y))

dy i .
3 c{]sya =x —sin(a + y) + sin(a + y)

dx
d d
— g{}syé — x cos(a + }’)é +sin(a +y)

_ C{}Syj_i N ( siny ) cos(a + y) j_i +sin(a + y)

sin (a+y)
. siny
SLRCE X — ( - )
sin (a+y)

d
= (cosysin(a + y) — siny cos(a + y)) d—y = sin®(a +y)
X

d
s sty —y)£ = sin(a + y)

dy sin’(a+y)
— —
dx sina



8.3. Implicit Differentiation

Exercise:

l. Use implicit differentiation to find i.

a.xEerxyE =
b.x®+ y® = 18xy
c.2xy+y* =x+y
dx>—xy+y® =1
e. x2(x —y)2 =x% —y*
f. Bxy +7)* =6y

i S x—1
gy x+1
h x2 =22

: x+y

Il. Use implicit differentiation to find é.

a. x = tany
b. xy = cot(xy)
c. x +tan(xy) =0
d. x + siny = xy
. T oy
€. ysin (;) — 1 =30y

f. y? cos G) = 2x + 2y



V.

a. sin(r@) = >

. s 28 s s pilh
Use implicit differentiation to find é.

i 1

b. cosr + cotf@ = r6

d.

Findthe slope of the followingfunctions:
6y~ 4 3xy -+ 2y~ 1Ty —6=0, (~1,0)

b. x?—/3xy+2y2 =5 (3,2
c. 2xy + 1 siny — 2m, (1, g)

d. x4 cos

2y —siny=0, (0, m)



8.5

Rational Powers of Differential Functions
Learning objectives:

e To extend the power rule for differentiation to rational
exponents through implicit differentiation
And

e To practice related problems.

Rational Powers of Differential Functions

This module uses the technique of implicit differentiationto
extend the Power Rule for differentiationto include all rational

exponents.

d _
The powerrule  —x™ =nx" 1
X

was proved to hold when n is an integer. We can now show

that it holds when n is any rational number.

Theorem: Power rule for differentiation for rational numbers
If n is a rational number, then x™ is differentiable at every

interior point x of the domain ofx™ 1 and
ix“ SR e
dx

Proof:

Letn = g where p and g are integers with g # 0 so that

e
Y=g =xe.Then ¥t =x”
This equation is an algebraic combination of powers of x and y,
and y is a differentiable function of x. Since p and g are
integers, we can differentiate both sides of the equation

T . : _1d il
implicitly with respect to x and obtain q y? li = pxP1



We solve for 2¥ and

dx
dy paP 1
dx gqy3—1
p Al
q (xpia)??
p—1
B & — = ep-l-pipfq
q xP—pP/q q
Py_
q
=5 T
This proves the rule.
Example1:
a2 g 1 1 — s
a) —(xz)=>=x2z=—; functionisdefined forx = 0,
dx 2 24 x

derivative is defined only forx = 0.
1

- = T : o
b) a(;ﬁ) =X s : functionis defined for allx, derivative

is not definedat x = 0

In terms of the Chain rule, the Power Rule statesthatifnisa

rational number, u is differentiable at x, and u™ !

is defined, then u™ is differentiable at x, and

2 um = gyt
dx dx
Example 2:
a) el xz)i =2 (@1- xz)_% (=20) =—— & ;
dx 4 =

2(1—x2)a

Notice that the function is defined on [-1, 1], butthe
derivativeis defined onlyon (-1, 1).

1 (=]
b) ;—X(COSX)_E — —% (cosx) s ;—x COSX
1 6
= (cosx) 5 (—sinx)

1 =8
== sinx (cosx) 5



P1:

oz

Flnd |fy &

Solution:
-3
y — G
—3 1 &
d:}; d(;&:S):(—E)x_E_lz—E;E_E
dx  dx o 5

Function is defined forallx € R, x # 0, derivative is not
definedat x = 0



P2:

: dy . B B &
Flndﬂ if y = (1 — 6x)3

Solution:
y = (1—6x)3
dy d 2 2 2_, d
_— = — e 4 e J P 3 ey P
e (1 — 6x) : (1— 6x) n (1 — 6x)
=>(1-6x)73.(=6) = ——
3 (1-6x)3

Function is defined for all x, derivative is defined for all

1
X except x + e



P3:

3
Find the derivative of y = (sin (6 + 5))4

Solution:

y = (sin (0 + 5))2

5

y = us, where u(v) =sinvand v(6) =6 +5

drv
—cosvand — =1

dy 5 1 du
v dag

Now, — = —u+4,
du =

! dy dy du dv
By chainrule —=—.—.
dgd du dv dé

1
dy b
— = —u4.cosv.1
dg 4

= %(sin (6 + 5))31. cos(8+5).1

~ %(sin (6 + 5))31. cos(6 + 5)



P4.

Find the derivative of y = 1+ cos26

Solution:

y = V1 + cos20

1
Now, y = uz where u = 1 + cos26

By chain rule

dy dy du
d9 ~ du’de

d

S (u;) >< —(1 + c0s20) = —u 3( sin260)(2)

= —%(1 + 50525)_551':*125



IP1:
Fmd ﬁy \/5x

Solution:

= 4/5x
2 -2 (G0 =160t =160

dx

Function is defined for all x = 0, derivative is not defined at
=i i)



IP2:

1
. d_}' . L 2 Y
Find = if y = .:t'(x : 3 1)2

Solution:

1
y = x(x% + 1)z

dy d 1 3 1d
O R 2 2 —
=g ;r:dx(x + 12+ (x“+1) dx(x)

1 1
= x%(xg i, 1)5‘1j—x(x2 + 1D+ (x2 +1)2.1

_ 2 1 2
— 2x Hﬁ+\/x FaE |

x?+x2+1  (2x%+1)
Jx2+1) (2 +1)




IP3:

2
Find the derivative of y = cos ((1 — 6t)3)

Solution:

y=cos((1— 6t)§)

2
y = cosu, where u = vzand v(t) =1— 6t

==K
dy y du 2 — dv
Now — = —sinu, —=-1v32 and — = —6
du dv S dt
dy dy du dv

dt du dv " dt

By chain rule

e B
— = —Sinu.zv 2, (—6)

= 4sin ((1 - 61;)3).(1 _6t)s



IP4:

P
Find the derivative of the function given by y = sin [(Zt +5) 3

Solution:

y = sin [(Zt + 5)_2]

2

Now,y =sinu, u=v 2and v= (2t +5)

dy du —2 - dv
— = €OSU, — =—P3, — =2
du dv 3 dt

By chain rule

dy dy du dv
dt du dv dt

d 2
Y — cosu [——1;?133.2]
dt 3

= —gcns ((Zt + 5)_5) . (2t + 5)/3



8.5. Rational Powers of Differential Functions

Exercise:

1. State and prove power rule for differentiation for rational
numbers.

2. Find 2.
dx
a.y = x%*

b.x = V2x
c.y=e4o

d.y=(2x +5)

1
e.y =x(x?+ 1)z
3. Find the first derivatives of the functions.

d. SZW
b. f(x) =1 —+Vx

o 3

g = . LT

C.r =—03 4+ -0«
. 3



8.6
Related Rates of Change

Learning objectives:

e To practice some related rates problems.

The problem of finding a rate, which can’t be measured
easily, from some other measurable rates, is called a
related rates problem.

When we pump the fluid out stored in a vertical cylindrical
storage tank, the fluid level inside the tank drops down. In
general it is difficult to measure the rate of change inthe
level of fluid. However it can be determined from the rate
of pumping which can be easily measured. We write an
equationthat relates the variablesinvolved and
differentiateto get an equation that relates the rate we
seek to the rate we know.

Example1:

How rapidly will the fluid level inside a vertical cylindrical
tank drop if we pump the fluid out at the rate of

3000 L/min?

Solution
Let r be the radius of the cylinder, h the height of the
fluid, and VV the volume.

dV — 3000 LSmin
ofr



As time passes, the radius remains constant, butlV and h
change. We think of V and h as differentiable functions of time

and use t to represent time. It is given that

Y e D0
dat

Since we pump out at the rate of 3000 L /min. The rate is

negative because the volume is decreasing.

We are asked to find g: How fast will the fluid level drop?

Rates of change are represented by derivatives.

., dh . . .
To find —we first write an equation that relates hto V.

If V measured in litres and r, h in metresthen V = r2h cubic

metres. Since one cubic metre contains 1000L, we write
V = 10007tr?h

We differentiate both sides of the equation with respect to

. dh .
time: e = 10007rr? = -, Tisa constant.

: dv dh
We substitute the known value 5 —3000 and solve for o

dh  —3000 3

dt  1000mr?2 w2

The fluid level will drop at the rate Ofn > m/min. The rate at

T

which the fluid level drops depends on the tank’s radius. If r is

dh . aps g dh .
small, Ewﬂl be large; if r is large, Ewﬂl be small.

Ifr= 1m: % = —f—r ~ —0.95 m/min = —95 cm/min
dh 3 . ;
Ifr= 10m: —= — ~ —0.0095m/min = —0.95cm/min

dt 100w



Example 2:
A hot-air balloonrising straight up from a level field is tracked
by a range finder 500 ft from the lift-off point. At the moment

the range finder’s elevation angle is 7 the angle isincreasing at

the rate of 0.14 rad /min. How fast is the balloon rising at that

moment?

Solution
We draw a picture and name the variables and constants.

Balloon @

48 _ 014 rad/min

dt

when 8 = w/4 ‘"_‘
v | di
" |when # = w/4

<
Range \

]
finder ~ SO0

The variables are: @ is the angle the range finder makes with

the ground (radians), y is the height of the balloon

We assume 6 and y to be differentiable functions of time ¢.

Write down the numerical information.

99 _ 014 rad /min when 8 =2
dt 4

Write down what we are asked to find

dy T
We want Ewhen 8= .

Write an equation that relates the variables y and 6.
y =500tané

Differentiate with respect to t using the Chain Rule.

d _ . de _
The result tells howd—:: (which we want) is related to = (which

we know).

d a6
% — 500 sec?9
dt dt

Evaluate with @ = = and - 0.14 to find d—y.
4 dt dt

dy 2
— 500(v2) (0.14) = 140

Atthe moment in question, the balloonis rising at the rate of
140 ft/min.



Example 3:

A police cruiser, approachinga right-angled intersection from
the north,is chasing a speeding car that has turned the corner
and is now moving straight east. When the cruiseris 0.6 km
north of the intersection and the caris 0.8 km to the east, the
police determine with radar that the distance between them
and the carisincreasing at 20 km/hour. If the cruiser is
moving at 60 km/hour at the instant of measurement, what is
the speed of the car?

Solution

We picture the car and cruiser in the coordinate plane, using
the positive x-axis as the eastbound highway and the positive
y-axis as the northbound highway.

v

Situation when
X 0.8, v 0.6

L S
dv ~_dt
— —60 T
dt T —

20

— X

We let t represent time and set
x= position of carattime ¢
y= position of cruiser attime t
s =distance between car and cruiserattime t
We assume x,y, and s are differentiable functions of t.

Atthe instant in question,

ds dy
x=08km,y =106 km,a = 20km/h, P = —60km/h

dy . 5 " 2
77 is hegative because yis decreasmg.

We need to find d—x.
dt

The variables are related by s2 = x2 + y?

We differentiate with respect to t.

ds dx dy

dt dt dt
ds 5 dx dy) 1 ( dx dy)
=y T )= Xx—+y—
dt s( dt ydt VxZ +y? dt ydt

We evaluate with
x =08 km,y = 0.6 km, %> = 20km /h,%> = —60km/ and

dx
solve for —.
dt

_ 1 dx o dx
20 = m(0.8 =+ (0.6)(—60)) =08 — 36
d_x - 20+36 - 70
dt 0.8

At the moment in question, the car’s speed is 70 km/h.



Example4:

Water runs into a conical tank at the rate of 9 ft®/min. The
tank stands point down and has a height of 10 ft and a base
radius of 5 ft. How fast is the water level rising when wateris 6
ft deep?

Solution

We draw a picture of a partiallyfilled conical tank.

4V _ 9 ft3/min
dr

Sf

,, e/
= / ‘ 10 fi
|

whenv =061t

A

Thevariablesin the problem are
V =volume (ft?) of water in the tank at time t (min),
x=radius (ft) of the surface of water at time t,

y = depth (ft) of waterin the tank at time t.
. 3 dy
We wish to find —.
dt
The variables are related by V = %nxzy

The equation involves x also. Because no information is
£ dx ; ; .

given about x and i at the time in question, we need to

eliminate x. From similar triangles,

x ¥
e b
2

2
T -7,
Therefore, V—an(z) Y=zl

We differentiate with respect to t.

dv._ m 2dy w ody

a 12 T 1Y a

dy dy 4 dv
We then solvefor —: — = ——
dt dt my?dt

We evaluate with y = 6 and % ==

.. 4 Ly
E—R(G}Z.Q—EMD.BZ

Atthe moment in question, the water level is rising at
about 0.32 ft/min.



P1:

A water tank has the shape of an inverted circular cone with
base radius 2m and height 4m. If water is being pumped into
the tank at a rate of 2m3 /min, find the rate at which the

water level is rising when the water is 3m deep.
Solution:

Let V,r and h be the volume of the water, the radius of the
surface, and the height of the water at time £, where t is

measured in minutes.

Given, dV /dt = 2m3 /min
We are asked to find % when h is 3m.
The quantities V and h are related by the equation
V= 2nr2h
3
To express IV as a function of h alone.

In order to eliminate r, we use the similar triangles to write

Differentiate both sides with respect to t:

AV m, o dh
dt 4 dt

dh _ 4 dv

dt mh? dt
: : dav 3 :
Substituting h = 3 m and T 2m° /min,

dh 4 i 8 _
E_—RG)?' —gm/mm

o s 8 . ;
The water level is rising at a rate of;m/mm ~ 0.28m/min.



P2:

A balloon is rising vertically above a level, straight road at a
constant rate of 1 ft/sec. Just when the balloon is 65 ft
above the ground, a bicycle moving at a constant rate of 17
ft/sec passes under it. How fast is the distance s(t) between
the bicycle and balloon increasing 3 sec later?

Solution:

¥iry

1 e LE}_ -

Here y(t) = balloons height from O.
x(t) = bicycle distance from O.

S(t) = distance between balloon and bicycle

L = 3 sec
ds o
dt

From the given data, s2(t) = y2(t) + x2(t)
= 25(t)—— 2 (t) —F 2x (t)—

= so:)g =y(D2 +x() 2

=y 2+ 2=

ac s(t)
yit) = 654 3=684tx(t) =51 |t
s(t) = /(68)2 + (51)2 =85

ds 1 B
= ﬁ[68(1) + 51(17)] = 11ft/sec



P3:

Car A is traveling west at 50 mi/h and car B is traveling north
at 60 mi/h. Both are headed for the intersection of the two
roads. At what rate are the cars approaching each other when
carAis 0.3 and car B is 0.4 mi from the intersection?

Solution:

FIGURE 4

Here C is the intersection of the roads.

At a given time t, let x be the distance fromcarAto C, y be the
distance from car Bto C, and z be the distance between the

cars, where x, y,and z are measured in miles.
- dx ’ day z
Given, — = —50mi/h and — = —60mi /h.
dt dt
. dz
To find —
dt

The equation that relates x, y and z is given by the

Pythagorean Theorem: et

Differentiating both sides with respect to t, we have

dz dx dy
i A o s B TR
dt di Y dt
dz 1 dx dy
1 B )
dt Z dt dt

Whenx = 0.3 miandy = 0.4 mi, z = 0.5 mi, so

dz

1
dat 0.5

= —78mi/h

[0.3(=50) + 0.4(—60)]

The cars are approaching each other at a rate of 78 mi /h.



P4:

Coffeeis draining from a conical filter into a cylindrical
coffeepot at the rate of 10 inch®/min.How fast is the level
in the pot rising when the coffee in the cone is 5 inch. deep?

6"

- How fast
is this
level rising?

Solution:
Radius of cylindrical coffee pot = 3 inch
Let h be the height of the coffee in the pot

Volume of the coffee V = nr?h = 9rth

av _ . dh

13
dt dt

The rate the coffee is rising is

dh 1 dV
dt  9m dt
dh 1
— = —[10]
dt  9m
10 . .
= — inch/min

O



IP1:

A ladder 10ft long rests against a vertical wall. If the bottom of
the ladder slides away from the wall at arate of 1 ft/s, how
fastis the top of the ladder sliding down the wall when the
bottom of the ladder is 6 ft from the wall?

Solution:

Let x feet be the distance from the bottom of the ladder to the
wall and y feet be the distance from the top of the ladder to
the ground. Note that x and y are both functions of t (time,

measured in seconds).

wall dy
dr

10

1 kS dt
ground

FIGURE 1
FIGURE |

Givenj—? =1 ft/sand
Find Z—fwhenx =6 ft

The relationship between x and y is given by the Pythagorean
Theorem: x2+y? =100
Differentiating each side with respect to t using the chain Rule,

we have
dx d
gy 2X o
dt dt
dy x dx
dt  ydt

When x = 6, the Pythagorean theorem gives y = 8 and so,

e d
substituting these values and 5 = 1, we get

22 =-3 ft/s

dy . : .
The fact that d—f is negative means that the distance from the

top of the ladder to the ground is decreasing at a rate of%ft,/s.
In other words, the top of the ladderis sliding down the wall at

a rate of %ft,/s.



IP2:

A baseball diamond is a square 90 ft on a side. A player runs
from first base to second at a rate of 16 ft/sec. At what rate is
the player’s distance from third base changing when the player
is 30 ft from first base?

Solution:

Second base
9
90"
31,/ R Player
) \ B
Third , V2 30 ¢ First
base " hase
T/]
Home

s(t) = Distance of the player from third base

x(t) = Distance of the player from second base

dx
= —16 ft/sec

From the image, s? = x2 + 8100

5 ds 5 dx
=% Al Ol
&t “Cdt
ds_ d_x
::’Sa—xdt (1)

When the playeris 30 ft from 1% base then x = 60

S =,/(90)2 + (60)2 = 30V13
From (1)

ds xdx 60
— =——=——(-16)
dt sdt 3043

= _Em_
S 8.875 ft/sec



IP3:

A man walks along a straight path at a speed of 4ft/s. A
searchlightis located on the ground 20 ft from the path and is
kept focused on the man. At what rate is the search light
rotating when the man is 15 ft from the point on the path
closest to the searchlight?

Solution:

FIGURE 5

let x be the distance from the man to the point on the path
closest to the searchlight. 8 be the angle between the beam of
the searchlight and the perpendicularto the path.

: dx
Given, — = 4ft/s

Findﬁwhen =15
dt

The equation that relatesx and @ is

X
Ez tanfd = x = 20 tan@

Differentiating both sides with respect to £, we get

dx df

— = 20sec?6 —

dt dt
dé 1 dx 1 1

SO — = — 058?80 — = —cos%?0(4) = - cos?0
dt 20 dt 20 5

When x = 15, the length of the beam is 25, so cos@ = gand

2
2 =2(4) =22 =o0128
dt 5 A5 125

The searchlight is rotating at a rate of 0.128 rad/s.



IP4:

Coffeeis draining from a conical filter into a cylindrical
coffeepot at the rate of 10 inch3/min.How fast is the level
in the cone falling, when the coffee in the cone is 5 inch.
deep?

Solution:

Let h be the height of the coffee in the cone.

: . h
From the figure, the radius of the coner = 5
1

Volume of the cone V = %mﬂgh — E:ﬁ:h3
v _1_,dh

:} e T -
dE 4" dt

When h = 5 inch, then

dh_ 4dv_dh_ 4 . B
== =3 —= — TE et
dt mh2dt _dt 7(25) T

R o B )
The rate the coffee level falling in the cone is — inch/min



8.6.Related Rates of Change

Exercise:

1. Suppose that the radiusr and area A = rr? of a circle

are differentiable functions of t. Write an equation that

dA  dr
relates — to —.
dt dt

2. The radius r and height h of a right circular cylinder are
related to the cylinder’s volume V' by the formula
V =mnr?h

. av dh .. .

a. How is i related tDE if v is constant?
. dv dr . .

b. How is = related tDE if h is constant?

. dv dr dh . . :
c. How is o related tOE and i if neither ¥ nor h is

constant?

3. The voltage V (volts), current I (amperes) and resistance
R (ohms) of an electric circuit like the one shown here
are related by the equation V = [R. Suppose that VV is
increasing at the rate of 1 volt/sec while I is decreasing

1 : ,
at the rate DfE amp/sec. Let t denote time in seconds.

¢

S~ a——
R

av
a. What is the value of E?

W
|
|

a1
I
!

b. What is the value of %?

. dR . dV dI
c. What equation relates —to— and —?
dr - dt dt

d. Find the rate at which R is changingwhenV = 12
voltsand I = 2 amperes. Is R increasing, or
decreasing?



. Let x and ybe differentiable functions of t and let

s = /x% + y? to be the distance between the points
(x,0) and (0, y) in the xy-plane.
a. How is 2 related to 2~ if y is constant?
dt éit
X

dy ., . :
and = if neither x nory is
dt dt

. ds
b. How is " related to
constant?
. dx dy . :
c. How s = related tod—f if sis constant?

. The area A of a triangle with sides of lengtha and b
enclosingan angle of measure 8 is

1 )
A 5 ab sinf
. dA de .
a. How s ) related toa if aand b are constant?

. dA doe da . <
b. How is — related to — and — if only b is constant?
dt dt dt

A dé da db
c. How is . relatedto—,— and —

e o if none of a, b,

and @ are constant?
. The length 1 of a rectangle is decreasing at the rate of
2 cm/sec while the width w is increasing at the rate of 2
cm/sec. Whenl=12 cmand w = 5 ¢m, find the rates of
change of

a. the area,

b. the perimeter, and

c. the lengths of the diagonals of the rectangle.

Which of these quantities are decreasing, and which

areincreasing?

.A 13 — ftladderis leaning against a house when its
base starts to slide away. By the time the baseis 12 ft
from the house, the base is moving at the rate of 5

ft/sec.

v e

S 13-ft ladder

0 af)



a. How fast is the top of the ladder sliding down the
wallthen?

b. At what rate is the area of the triangle formed by
the ladder, wall, and ground changingthen?

c. Atwhat rate is the angle 8 between the ladderand
the ground changingthen?

8. Agirl flies a kite at a height of 100 m, the wind carrying
the kite horizontallyaway from her at a rate of 10
m/sec. How fast must she let out the string when the
kite is 150 m away from her?

9. Sand falls from a conveyor belt at the rate of 10 m*/min
ontothe top of a conical pile. The height of the pileis

alwaysthree-eighths of the base diameter. How fast are

the
a. heightand
b. radiuschanging when the pile is 4 m high?

Answer in cm/min.

10. Water is flowing at the rate of 6 m3/min from a
reservoir shaped like a hemispherical bowl of radius 13

m, shown here in profile.

Center of sphere

Water level 1 i

Answer the following questions, given that the volume
of water in a hemispherical bowl of radius R is

V= gyz (3R —¥) when the water is y units deep.

a. At what rate is the water level changing when the
wateris 8 m deep?

b. What is the radius r of the water’s surface when
the wateris y m deep?

c. At what rate is the radius r changing when the
wateris 8 m deep?



